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METHODS OF SOLVING SPATIAL PROBLEMS OF THE MECHANICS
OF A DEFORMABLE SOLID IN TERMS OF STRESSES’

T. KHOLMATOV

The formulation in /1/ of a quasistatic problem of the mechanics of a
deformable solid in terms of stresses is discussed, including also the
variational formulation, which consists of solving six equations in six
symmetric stress tensor components when six boundary conditions are satisfied.
Methods of successive approximation are proposed for solving this problem

and theorems on the convergence of these methods, including a "rapidly
converging" method, whose rate of convergence is substantially higher than

a geometric progression, are proved.

Utilization of the Lagrange and Castigliano variational principles in the numerical solu-
tion of boundary value problems of the mechanics of a deformable solid enables an a priori
stable difference scheme /l/ to be compiled as well as an effective means for solving it. The
disadvantages of applying each of these variational principles are well known. Thus, when
using the Lagrangian, the desired quantities are displacements, and a numerical differentia-
tion procedure that considerably reduces the accuracy of the sclution obtained must be used
to determine the state of stress. When using the Castiglianian, the problem is to seek the
conditional extremum (in the class of tensor functions satisfying the equilibrium equations
and the static boundary conditions), which often turns out to be difficult.

A new variational principle, based on solving the mechanics problem of a deformable solid
in terms of stresses /l/ is considered below, and methods of solving the quasistatic problem
of physically non-linear mechanics of a deformable solid are described.

1., consider a physically non-linear medium in which the relation between the strain
tensor components €& and the stress tensor components ¢ is given in the operator form
8y = Gy (0) (1.1)

On the boundary of a body £ occupying a volume V let a force vector be given and let the
following equilibrium conditions be satisfied:
G;jny =38 qglt=—X Iz (1.2)

(X; are components of the volume force vector).
The guasistatic problem of the mechanics of a deformable body in terms of stresses (Problel
B /1/) is to solve six equations in six unknown stress tensor components

Eipxe +Yy=0 (1.3)
while satisfying boundary conditions (1.2). Here
Eijp=2¢ij, 5 + i (M28mm. j —8mj,m) + 8¢ (Vo lmm, i —em m) + (1.4)

Eij (emk. m = E€mm, k) ",‘ Ri (q) + Rj ((1) - gsz.'; (Q)

where their expressions in terms of the stresses (1.l) is substituted in place of the strain
€ £ is a certain arbitrary symmetric constant tensor, and R is a certain linear vector
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operator such that R (9) = 0 only for q=0, while the symmetric tensor Y is given by the

formula
Yiy=Ri; (X) + Ry, ; (X) — EyRy,x (X) (1.5

We assume that a scalar operator Q dependent on the stress gradients exists and for which
the conditions for the potentiality of the tensor (1.4) /2/ are satisfied: E;j = dQ/d0y; .
Then the generalized solution of problem (1.2) and (1.3) can be found as the stationary point
of the functional

I= S(Q—Yﬁcu)dV—Sx;,cijdE%- (1.6)
v £

S L';_(Aq'iq{ + Boijnsouny) + AXyg; — Bsi°0ij"i} dZ
b

where A and B are certain dimensional constants different from zero, and the symmetric flux
tensor %y = Eipy, defined on the surface T, does not vary.
The symmetric tensor ¢ satisfying the integral identity

{ Eun(@) 5, 6V + 12 =N(o)
)

N=N"+NE+NSE N ()= S Yym;dV

v

NiE(r) = 5 %i;(0) %45, NE(v)= S (BSvny, — AXivix, ) 42,
z

frr)=— § (Agity;, 5 + Boyn tyny) dZ

for every smooth symmetric tensor t /3/ is called the generalized solution of Problem B.
2. We consider a certain linear tensor-operator of the stress gradient
fyp = ;5 (80) (2.1)
so that in a functional space do =D the quantity
(@ Da={ s (30) w5, x AV (2.2)
\2

satisfies all scalar product axioms /4/ such that the functional space D under consideration
is a Hilbert space. Moreover, let the operator (2.1) be such that for an arbitrary symmetric
tensor h;; in the first two subscripts, the following inequalities are satisfied

0E. ., .
Kt 3 () R g[aﬁ:x" h,,,,,,] hige < Ko (W by 0 <k <K (2.3)
1f
154 (00) = = (8118 ym + SieBn) Oum, k= 0. k (2.4)

then the first of the inequalities is equivalent to inequality (4.7) in /5/ for k=k,.

When the operator II in (2.4) is selected in this way, the Hilbert space D will be denotec
by D,.

Now, if a unique generalized solution of Problem B exists for the case when the operator
of the governing relations (l.l) is the operator II (2.1) (problem B:), the method of succes-
sive approximations can be constructed

Eyje, x {T1 (ot} = Ey5 o (TI (90(™)) — (2.5)
B™ [Eyjx, x {G (80™)} + Yy5]

oz =85 o™z =—Xi|z

starting with a certain zeroth approximation o and setting m=0,1,...

Theorem 1. Let a unique generalized solution exist for problem B, , let conditions (2.3)
hold, and let the given surface loads and volume forces satisfy the conditions

SPeEl,(2) XL, (2), p<¥s (2.6)
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Moreover, let the following condition be satisfied for the zeroth approximation o®:

[Es35 (0©) — 7350 (0O Ay jye < ety (B) Ry (2.7
where A is an arbitraryv tensor of the third kind that is symmetric in the Firs+ twua guhaeyr- otc
i =200 L YL WS LAAT MOAd LUGL L9 SYULETULL AL 4l Lie LIIST WO BUDSCripis.
Then in a certain neighbourhood
fo— o< r (2.8)

a generalized solution 0* of Problem B exists that is unique in this neighbourhood, and for

any value of the iteration parameter § (0 < p << 2/K) the successive approximations process

(D €Y o drzmao {0y oot
(& o) Leuubczs to .LL, :de.r.ln.g W.LCXI. gwv’ , wnere

m
Jo™ — 0% Ja < pi [ 0 — 0@ (2.9

T—
g=max (|1 —Bk] |1 —-BK <1

(The author formulated a special case of this theorem in /3/.)

PEt-Lal Case oL I 27 s

To prove the theorem we examine the identity

{7 @) 7500V = { msn (@) 75,00V — B [ { B @)1 0V + 120 = N (0] (2.10)
\ 4 \2 \ 4

On the left in (2.10) is the scalar product (0, T)y in the space D, . According to (2.3),
the right side is a linear functional of T in this space. Using the Scbolev imbedding theorem,
it can be established that satisfaction of condition (2.6) is necessary for this. According
to the Riesz theorem, this functional can be represented as the scalar product (¢, T) where
o' € D,. Hence, a certain operator H sets each tensor function ¢ & D, in correspondence with
the tensor function o’ = D,. Thus, the question of finding the generalized sclution of problem

B reduces to solving an operator equation of the following kind: ¢ = Ho.
From (2.10) and conditions (2.3) we have for the two tensor functions ¢{t) and ¢g{?» and

their difference w == g{3 — ogl¥)
[(Ho® — HoW, w), | =|(w, w),, (2.11)
8 (rE; £ (O®) — oy (00,5

LAY

Vi<allw 2
IR B el |

(2} 1
Wi jx == Oim, n — Ul(n)n n

where g is determined from the second relationship in (2.9). Here

[1—Bk|>11—-PBK |, O<P<B
1 —BK |>[1—pk|, Ps<PB<2K
(B = 2/(k + K))

Hence, for 0 < f <2/K the condition g<<1 is satisfied and inequality (2.1l) is satis-
fied if
| Ho® — HoW |l < gl 0@ — oW ||, (2.12)

Note that the least value g = (K — k)/(K + m) of the quantity g is reached when B = Pa
Note also that the value of f can be changed at each iteration step so that fm & (0, 2/X).

It follows from inequality (2.12) that the operator H realizes a compressed mapping /4/
in Dy.

Furthermore, we have

(Ho — HoO, T)y = (Ho — Ha®, 1)z + (Ho® — 0®, 1), (2.13)

But it follows from the identity (2.10) that

(Ho® — o, 1)y = S[Eijk (o) — 735 (6] 145, k GV (2.14)
Applying condition (2.7) to (2.14) and setting T=0—¢® 4in (2.13), we obtain
[T 3 9 sl < (g + 8K RYrr
H2IO — UM x \Y | P& T

i.e., the operator H that performs the compressed mapping, does not move any point from the
circle (2.8). Hence, according to the compressed mapping principle, a generalized solution
of Problem B exists. The uniqueness of this solution follows from /1/.

3. To obtain the convergence of the iteration process more rapidly than the convergence

af a gecmetric nrocression, we immnose a conctraint on the second functional derivatives govern-
of a gecometric progression , we impose a constraint on the second :

ing relationship (1.l1l). Let the inequality
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U higehize)n 1> 0 (3.1)

PE, ...
[ ik hlmnhpqr] hiik

031, 3 pg, v

hold for an arbitrary third-rank tensor h that is symmetric in the first two subscripts.
Furthermore, we assume that the space D,with the scalar product

aE. .
(o, ’C)l = S [-———as‘”k clmn] Tij & dv (3.2)

Vv m,n
is Hilbertian for the tensor field ¢,t defined in the finite domain V. Then the following
theorem holds.

Theorem 2 (The rapidly converging method /1/). Let a unique generalized solution of
problem B exist, and let the inequalities (3.1) and

aE. ..
Bhischise <[ s hm] huss < Ehigghis, 0 k<K

m,n

be satisfied.
Moreover, let a be a positive number such that

S[Eijk (©©@) — Egix (0] off’xdV < ma Y off yoff v aV
v v
Then there is a number «, 0 <a <1 such that Problem B has a unique solution o* in
the circle [|[o® — o*|}; r, if the inequality

g < aC; qs—g—%V'“”, C=a(l 4 a0+ (3.3)
is satisfied, where r, is the least root of the equation gri*¢ — r 4 g = 0.

When f =1 the successive approximationsbeginningwith ¢ converge to this solution if
we take as the operator Ej;

. OE,,,
Eir (h) = =—= hipn

”Glm, n

where

n a
fow —a* < CBW", 8=C"% Ci=g—py
The proof follows from /l/.
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